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Motivation to study N' = 4 SYM theory

Gain general understanding of gauge theories

Develop new techniques for Standard Model calculations
Strong coupling description via the AdS/CFT correspondence
Integrability

e & ¢ ¢ ¢

“Hydrogen atom of the 215t century”
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Motivation to study form factors (1)

Co,..0,(X15 -y Xn)

= (0|O1(x1) - . - On(xa)|0)

Matthias Wilhelm Amplitudes, Form Factors and the Dilatation Operator



Motivation to study form factors (1)

Co,..0,(X15 -y Xn)

= (0|O1(x1) . .. On(xn)|0)

Picture of a bridge

(Removed in the online version for copyright reasons)

= Form factors as bridge between purely on-shell amplitudes and
purely off-shell correlation functions [van Neerven (1986)]
[Boels, Bork, Brandhuber, Engelund, Gehrmann, Gurdogan, Henn, Huber,
Kazakov, Kniehl, Moch, Mooney, Naculich, Penante, Roiban, Spence, Tarasov,

Travaglini, Vartanov, Wen, Yang (2010-2014)]
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Motivation to study form factors (1)

Co,..0,(X15 -y Xn)

= (0|O1(x1) - .. On(x4)|0)

Picture of a bridge

(Removed in the online version for copyright reasons)

= Form factors as bridge between purely on-shell amplitudes and
purely off-shell correlation functions [van Neerven (1986)]
[Boels, Bork, Brandhuber, Engelund, Gehrmann, Gurdogan, Henn, Huber,
Kazakov, Kniehl, Moch, Mooney, Naculich, Penante, Roiban, Spence, Tarasov,

Travaglini, Vartanov, Wen, Yang (2010-2014)]

Previous studies have focused on tr[¢'2¢'?] and tr[(4'%)]

— Study form factor of generic operator [MW/(2014)]
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Motivation to study form factors (2)

on-shell methods integrability
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Motivation to study form factors (2)

on-shell methods integrability

Picture of another bridge

(Removed in the online version for copyright reasons)

Form factors as bridge between on-shell methods and integrability
[MW/(2014)] J
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Motivation to study form factors (2)

on-shell methods integrability

Picture of another bridge

(Removed in the online version for copyright reasons)

Form factors as bridge between on-shell methods and integrability
— Revisit spectral problem via on-shell methods [MW(2014)] J
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Gauge-invariant local composite operators

Gauge invariance

Traces of fields transforming covariantly under the gauge group
SU(N):

baB, YaBCa = €aBCDVE, Yaa, Fuv. Dy

+ products of such traces
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Gauge-invariant local composite operators

Gauge invariance

Traces of fields transforming covariantly under the gauge group
SU(N):

baB, YaBCa = €aBCDVE, Yaa, Fuv. Dy

+ products of such traces

Planar limit = Sufficient to look at single-trace operators )
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Irreducible fields

. . /_L . .
Pauli matrices o) ;: u, v = «a, & J
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Irreducible fields

. . /_L . .
Pauli matrices o) ;: u, v = «a, & J

Equation of motion, definition of field strength, Bianchi identities

Antisymmetric occurrences of «, & at one field

— Several fields with totally symmetric o, &
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Irreducible fields

. . /_L . .
Pauli matrices o) ;: u, v = «a, & J

Equation of motion, definition of field strength, Bianchi identities

Antisymmetric occurrences of «, & at one field

— Several fields with totally symmetric o, &

= lrreducible fields transforming in the
singleton representation Vs of psu(2,2(4)
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Irreducible fields

. . /_L . .
Pauli matrices o) ;: u, v = «a, & J

Equation of motion, definition of field strength, Bianchi identities

Antisymmetric occurrences of «, & at one field

— Several fields with totally symmetric o, &

= lrreducible fields transforming in the
singleton representation Vs of psu(2,2(4)

Picture of a spin chain

(Removed in the online version for copyright reasons)
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Oscillator picture

Oscillator representation of Vg

Bosonic oscillators: a,, a’ and b, b
.. . A
Fermionic oscillators: d 4, df

[a,a] =302,  [ba,b’] =067,  {da,d'B} =65
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Oscillator picture

Oscillator representation of Vg

Bosonic oscillators: a,, a’ and b, b
.. . A
Fermionic oscillators: d 4, df

[a,a] =302,  [ba,b’] =067,  {da,d'B} =65

Irreducible fields

DKF = (ah)*(bh)* dMd™dPd™|0)
Dk"%bABC = (aT)k-i-l(bT)k dTAdTBdTC‘0>
Dkpag = (ah)k (bh)x dAd'8|0)
D¢ga = (a)* (bT)*'d™|0)

DX F = (ah)* ("**?o)
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Spin chain, dilatation operator and integrability

Dilatation operator measures (anomalous) scaling dimensions
— Observables in a CFT

[Minahan, Zarembo (2002)] [Beisert (2003)] [Beisert, Staudacher (2003)]
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Spin chain, dilatation operator and integrability

Dilatation operator measures (anomalous) scaling dimensions
— Observables in a CFT

One-loop dilatation operator D>
= Hamiltonian of integrable spin chain

[Minahan, Zarembo (2002)] [Beisert (2003)] [Beisert, Staudacher (2003)]
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Spin chain, dilatation operator and integrability

Dilatation operator measures (anomalous) scaling dimensions
— Observables in a CFT

One-loop dilatation operator D>
= Hamiltonian of integrable spin chain

Nearest-neighbour interaction: D, = E,-LZI(QQ),-,-H J

su(2) sector: single-trace operators built from 1= ¢4 and |= ¢34
Heisenberg XXX spin chain (D3);i4+1 = 2(1 —P); 41

[Minahan, Zarembo (2002)] [Beisert (2003)] [Beisert, Staudacher (2003)]
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Spin chain, dilatation operator and integrability

Dilatation operator measures (anomalous) scaling dimensions
— Observables in a CFT

One-loop dilatation operator D>
= Hamiltonian of integrable spin chain

Nearest-neighbour interaction: D, = ZI-LZI(QQ)ii+1 J

su(2) sector: single-trace operators built from 1= ¢4 and |= ¢34
Heisenberg XXX spin chain (D3);i4+1 = 2(1 —P); 41

D tr[t114] = 4tr{tld] — Atrltit)]

[Minahan, Zarembo (2002)] [Beisert (2003)] [Beisert, Staudacher (2003)]
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Spin chain, dilatation operator and integrability

Dilatation operator measures (anomalous) scaling dimensions
— Observables in a CFT

One-loop dilatation operator D>
= Hamiltonian of integrable spin chain

Nearest-neighbour interaction: D, = E,-LZI(QQ),-,-+1 J

su(2) sector: single-trace operators built from 1= ¢4 and |= ¢34
Heisenberg XXX spin chain (D3);i4+1 = 2(1 —P); 41

D tr[t114] = 4tr{tld] — Atrltit)]

Spectral problem can be solved by Bethe ansatz techniques )

[Minahan, Zarembo (2002)] [Beisert (2003)] [Beisert, Staudacher (2003)]
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Super spinor helicity variables for super form factors

Fourier transform to momentum space

Fo(l,...,n;q) = /d4x e ™(1,...,n|O(x)|0)

— 5 <q — Zp;) (1,...,n|O(0)|0)
i=1
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Super spinor helicity variables for super form factors

Fourier transform to momentum space

Fo(l,...,n;q) = /d4xe_iqx(1,...,n|(’)(x)|0>

— 5 <q — Zp;) (1,...,n|O(0)|0)
i=1

Spinor helicity variables: p® = A& J
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Super spinor helicity variables for super form factors

Fourier transform to momentum space

Fo(l,...,n;q) = /d4xe_iqx(1,...,n|(’)(x)|0>

— 5 <q — Zp;) (1,...,n|O(0)|0)
i=1

Spinor helicity variables: p® = A& J

Nair's NV = 4 on-shell super field

_ 1 .
®=g" +ntPa+ jnAnB da + 100 asc + ntnPnint g
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Super spinor helicity variables for super form factors

Fourier transform to momentum space

Fo(l,...,n;q) = /d4xe_i"x(1,...,n|(’)(x)|0>

= 54 (q - Zpi) <1? 000y n|0(0)|0>
i=1

Spinor helicity variables: p® = A& J
Nair's NV = 4 on-shell super field

_ 1 .
®=g" +ntPa+ jnAnB da + 100 asc + ntnPnint g

'

Colour-ordered super form factors

Fo(l,...,n;q) = Z tr[T2%® ... T%0]Fp(o(1),...,0(n); q)
O'GSn/Zn

+ multi-trace terms

A\
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Computing form factors

Form factors can be obtained by

@ BCFW and MHYV recursion relations
(generalised) unitarity
symbols

colour kinematic duality
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Computing form factors

Form factors can be obtained by
@ BCFW and MHYV recursion relations
o (generalised) unitarity
@ symbols
@ colour kinematic duality

o ...

MHV amplitude [Parke, Taylor (1986)]

o) o (T, )
A(O)MHV(1+,...,/ I U = <12><23>.l.<.zn1>

.
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Computing form factors

Form factors can be obtained by
@ BCFW and MHYV recursion relations
o (generalised) unitarity
@ symbols

@ colour kinematic duality

o ... J
MHV amplitude [Parke, Taylor (1986)]
/’A(O),MHV(1+ = Im n+) _ <U>454(ZZ:1 Px)
o s (12)(23) ... (n1)
MHV form factor [Brandhuber, Spence, Travaglini, Yang (2011)]

‘P12
,

Yo N A

I’:—(O),MHV (1+

+. ) _ <U>254(ZZ:1 Pk — q)
tr[¢12012] '

(12)(23) ... (n1)

.
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Computation via Feynman rules in the free theory

Dae LS
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Computation via Feynman rules in the free theory

Dae LS

bap  —_ep =1 —nnPB
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Computation via Feynman rules in the free theory

Dao’z : _>)\a5\d
®aB T ep =1 o8B
VABCa © ——om-e p— =T_(p) = (A%,0) =A% pBnC
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Computation via Feynman rules in the free theory

Dao’z : _>)\a5\d

®aB T ep =1 o8B
VABCa © ——om-e p— =T_(p) = (A%,0) =A% pBnC
) 0 Ta, A

bag ccamcept =Va(P) = (50 ) AT
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Computation via Feynman rules in the free theory

Daa - SAYNE
®aB T ep =1 o8B
VABCa © ——om-e p— =T_(p) = (A%,0) =A% pBnC
) 0 T A
bag ccamcept =Va(P) = (50 ) AT

+ _
g ANANANNe P — 6i(p7 r)
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Computation via Feynman rules in the free theory

Dao’z : _>)\a5\d
®aB T ep =1 o8B
VABCa © ——om-e p— =T_(p) = (A%,0) =A% pBnC
) 0 Yo, A
Vaa —-=--ep+ =Vi(p) = 6 — A
+ _ K
g ANANANNe P — 6i(p7 r)
Fas e — 0
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Computation via Feynman rules in the free theory

Dac —AANG

baB T — op =1 o8B

YABCa T ---m-e p— = T-(p) = (A,0) =A% EnC
Vae 1 --memept = vi(p) = ( 58-1 ) — A%

g5 e = (o)

Fap : e+ — 0

Fags : e — AN\ _>)\a/\ﬁnln2n3n4
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Computation via Feynman rules in the free theory

Daa —AANG

baB T — op =1 o8B

YABCa T ---m-e p— = T-(p) = (A,0) =A% EnC
Vae 1 --memept = vi(p) = ( 58-1 ) — A%

£ e o = ()

Fap : €, — 0

Fags : e — AN\ _>)\a/\ﬁnln2n3n4
Fas ; s — XGRP I CSY:
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Computation via Feynman rules in the free theory

Daa A\
®aB T ep =1 o8B
VABCa © ——om-e p— =T_(p) = (A%,0) =A% pBnC
) 0 Ta, A
bag ccamcept =Va(P) = (50 ) AT
+ _ o
g - AANAAnNe P — 6i(p7 r)
Fag - ey — 0
Fag : e — AN\ _>)\a/\ﬁ7717727737]4
_dB e — AN G CSV:
_dB : e —0
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Form factors as spin chains

Colour-ordered minimal super form factor for generic operator O

, al® — \¢
» < bi® — Xd
Fo(M, .. ALiq) = L6 [ g = AT i i
,-z—; di* =t

in oscillator picture

with A; = (\¢, A%, )

Minimal tree-level form factor = form factor in free theory )

[MW(2014)]
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Form factors as spin chains

Colour-ordered minimal super form factor for generic operator O

, al® — \¢
» < bi® — Xd
Fo(M, .. ALiq) = L6 [ g = AT i i
,-Z—; di* =t

in oscillator picture

with A; = (\¢, A%, )

Minimal tree-level form factor = form factor in free theory J
Analogous replacement in algebra generators
— well-known representation on amplitudes

[MW(2014)]
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Form factors as spin chains

Colour-ordered minimal super form factor for generic operator O

, al® — \¢
» < bi® — Xd
Fo(M, .. ALiq) = L6 [ g = AT i i
;Z—; di* =t

in oscillator picture

with A; = ()\?,)\j?‘,nf‘)
Minimal tree-level form factor = form factor in free theory

Analogous replacement in algebra generators

— well-known representation on amplitudes

= Form factors exactly implement the spin chain of N' = 4 SYM
theory in the language of scattering amplitudes

G G -

[MW(2014)]
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General ansatz from integral basis

Pi+1 Pj Pi+1
Pj+1 Pi Pj
(i.4:k)
? + Z G triangle
Pk ijsk Prst pia
P1 Pk+1
Pi Pit1
(i.j) f .
+ Z Coubble 7 P : + rational terms
Pj+1 pj
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General ansatz from integral basis

Pi+1 Pj Pi+1
Pi Pj+1 pi pj
_ (i.4,k1) (,\, k)
I po= Z Chox a + Ciriangle
ik P Pr sk Pi+1 Pj+1
P1 Pk+1
Pi Pit1
(i.j) f .
+ Z Coubble 7 ¥ : + rational terms
Pj+1 pj

= Sufficient to determine coefficients
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General ansatz from integral basis

Pi+1 Pi Pi+1
Pi Pj+1 pi pj
_ (i.4,k1) (i,k)
I po= Z Chox a + Z Ciriangle
ik P Pr sk Pi+1 Pj+1
P1 Pk+1
Pi Pi+1
(i.j) f .
+ Z Coubble 7 ¥ : + rational terms
Pj+1 pj

= Sufficient to determine coefficients

— Further simplifications for minimal form factors
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Ansatz for minimal form factor

Simplified ansatz:

P1 P2

Pi
Pi—1 Pi-1 pi

ii41 . ii+1
P = Z trlangle p Zcbubble
pi+2 Pit2 Pit+1
Pi+1

+ rational terms

= Determine coefficients via cuts
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Ansatz for minimal form factor

Simplified ansatz:

P1 P2

Pi
Pi—1 Pi-1 pi

2 : ii41 . 2 : ii+1
ps= trlangle p + Cbubble
Pi+2 Pi+2 Pit+1
Pi+1

+ rational terms

= Determine coefficients via cuts

1

Cut: /—2—>5(/2) (Io)
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Triple cut and triangle coefficient

Triple cut between p;, p2 and the rest of the diagram:

PL

_ L2
~ “triangle

P3
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Triple cut and triangle coefficient

Triple cut between p;, p2 and the rest of the diagram:

PL

_ L2
~ “triangle

P3
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Triple cut and triangle coefficient

_ 12
- Ctriangle
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Triple cut and triangle coefficient

Integration over all intermediate degrees of freedom:

P1

pPL

trlangle/HdA/ 9

p3

P2

with dA;, = d?X; d2); d*n;,
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Triple cut and triangle coefficient

The triangle coefficient:

3 PL
/ [Ian, -
i=1

1,2 —
Ctriangle -

3
/ TN,
i=1
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Triple cut and triangle coefficient

The triangle coefficient:

3 PL
/ [Ian, -
i=1

1,2 P3 P2
Ctriangle =
3 pPL
/ IIdn, <
1
i=1 p3

= _(pl + p2)2ﬁ((90)(/\17 Aoy Azyo o AL q)
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Triple cut and triangle coefficient

The triangle coefficient:

3 PL
/ [Ian, -
i=1

1,2 P3 P2
Ctriangle =
3 pPL
/ IIdn, <
1
i=1 p3

= _(pl + p2)2ﬁ((90)(/\17 Aoy Azyo o AL q)

= Universal for all operators
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Double cut and bubble coefficient

Double cut between p;, p> and the rest of the diagram:

P1 p2
pL ) P1
12 1,2 .
g - Ctriangle + Coubble 7 %)<
ps ' P2

Matthias Wilhelm Amplitudes, Form Factors and the Dilatation Operator



Double cut and bubble coefficient

Double cut between p;, p> and the rest of the diagram:

P1 p2
pL ) P1
12 1,2 .
g P = Ctriangle +Cbubb|e q %)<
ps ' P2

P2
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Double cut and bubble coefficient

The bubble coefficient:

2 pL
pL 1.2
/Hd/\li ~Criangle 7
i=1 p3
1,2 _ P3 P2
Chubble =
h
2 pL : P
JTTen X
; .
i=1 p3 ! P2
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Double cut and bubble coefficient

The bubble coefficient:

2 pL
pL 1.2
/Hd/\li ~Criangle 7
i=1 p3
1,2 _ P3 P2
Chubble =
h
2 pL : P
JTTen X
; .
i=1 p3 ! P2

= Blzﬁ((oo)(/\l,/\z,/\& v ,/\L; q)
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Bubble coefficient operator

l/+1~7:(0)(/\1’---)/\L;q) =
25co [ do (£D :
—<0¢G,0 cot 0 fo (/\17"'7Ai7/\i+17"'7/\qu)
0
_ﬁg)(Al,.. N, ,H,...,/\L;q))

with

/\/ _ [ cosf —sinf A; N B
<A:+1 ) _<sin0 cos 0 )(/\i+1 )7 = (A% AF, 1)

>
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Bubble coefficient operator

II+1*F(O)(A1)“‘)AL;q) =
25co [ do (£D :
—<0¢G,0 cot 0 fO (/\17°°°7Ai7/\i+17"'7/\qu)
0
_ﬁg)(Al,.. N, ,+1,...,/\L;q))

with

N cosf —sinf A; e v
<A:+1>_<Sin0 cos 0 )(/\,-H)’ /\’_()‘iv)‘,nl)

o

Polynomial in cos# and sin 6

= Evaluates to Euler S-function or harmonic number
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Bubble coefficient operator

II+1*F(O)(A1)“‘)AL;q) =
25co [ do (£D :
—<0¢G,0 cot 0 fO (/\17°°°7Ai7/\i+17"'7/\qu)
0
_ﬁg)(Al,.. N, ,+1,...,/\L;q))

with

N cosf —sinf A; e v
<A:+1>_<Sin0 cos 0 )(/\,-H)’ /\’_()‘iv)‘,nl)

o

Polynomial in cos# and sin 6

= Evaluates to Euler S-function or harmonic number

w
Operator O in su(2) sector = Bjj11 = —(1 —P);j+1 J



One-loop minimal form factor of a generic operator O

Pi
L pi—1
A A (0 )
FO, o liq) == (pi + pis1)2FS(L, ..., Liq) s
i:1 Pi+2
n - o Pit1
+3 B FPA,. . Lig) ;}<:><
i=1 Pi+2 Pi+1
+rational terms

[MW(2014)]
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IR divergences

IR divergence from triangle integral (universal)

... Lq)

]:(0)( L CI) IR
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IR divergences

IR divergence from triangle integral (universal)

]:(1)( 1,...,Lq)

=== (—siiy1)™°, D=4-2¢

FOA,... L)k
Agrees with universal BDS-ansatz-type form

. [Bern, Dixon, Smirnov (2005)]
ET——

(0

Da,....mq)

> 2/ /Y((:L)sp g(l) . / 5 2
= Zg 8l 4—(/)5 Z(_Sii-i-l)_ °+Fin(g®) + O(e)

i=1

(Form checked for BPS form factors in [Brandhuber, Spence, Travaglini,
Yang (2010)], [Gehrmann, Henn, Huber (2011)], [Brandhuber, Travaglini, Yang
(2012)], [Brandhuber, Penante, Travaglini, Wen (2014)])
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UV divergences

Operator renormalisation

0% = Z2°,08r - 2%, = 6% + g%(2W)%, + 0(g?)
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UV divergences
Operator renormalisation

0% = Z2°,08r - 2%, = 6% + g%(2W)%, + 0(g?)

Renormalised form factor

Fos (1,...,L;Q):Zabﬁob (1,...,Lq)

en bare
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UV divergences
Operator renormalisation

0% = Z2°,08r - 2%, = 6% + g%(2W)%, + 0(g?)

Renormalised form factor

Fos (1,...,L;Q):Zabﬁob (1,...,Lq)

en bare

UV-finiteness of renormalised form factor =

20y, 20 gy =—FY ... L
( )b‘/—-'ogare( 5 5 vq) F bare( ) ) vq) UV
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Dilatation operator

Anomalous part of dilatation operator

. 0
0D = EIL%Eg@ InZ
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Dilatation operator
Anomalous part of dilatation operator

0
0D =limeg—InZ
e—0 8g
Complete one-loop dilatation operator

%= Imeegg (£22) = 2ZB~+1
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Dilatation operator
Anomalous part of dilatation operator

. 0
0D = Jm}eg@ InZ

Complete one-loop dilatation operator

L
= limeg (g22™) = —22 Biia

One-loop dilatation operator density

(®2)ii+1 = —2Bjit1
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Dilatation operator
Anomalous part of dilatation operator

_ 0
0D = EIL%Eg@ InZ

Complete one-loop dilatation operator

L
. 1 . 0 2 ~(1)) _ N
mz—gmeg@(gz )——228,,“

-

A\

One-loop dilatation operator density

(®2)ii+1 = —2Bjit1

A\

= Agrees with result of [Beisert (2003)] in formulation of [Zwiebel
(2007)] after replacing oscillators by super spinor helicity
variables. (Proof of a connection between amplitudes and
dilatation operator which was observed in [Zwiebel (2011)].)
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Konishi operator

@ Prime example of non-protected operators

o K =tr[¢'¢']
o Eigenstate under renormalisation:
o 27, (£)
8 Tk
2le
(=1

@ Anomalous dimension vx known via field theory up to five
loops [Eden, Heslop, Korchemsky, Smirnov, Sokatchev (2012)] and via
integrability up to ten loops [Marboe, Volin (2014)]

Kren = ZKpare With Z = exp

@ Using the on-shell super field
= Ko = 3e"BP tr[pagdcp]

@ K # K unless D =4
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One-loop Konishi form factor

Planar double cut

|/1 P1
@
l/2 2}
(1)
() _Fraen| _ o _ /dPS” (hb)(12) (12)(b1)
ColtDle — FO e PR\ (Lh)(2R) T (12)(hk)

h P1 | 2 h P
= —S12 ><ﬂi + 6@ =®<
I; P2 512 ] P2

[Nandan, Sieg, MW, Yang (2014)]
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One-loop Konishi form factor

Planar double cut

|/1 P1
@
l/2 2}
(1)
() _Fraen| _ o _ /dPS” (hb)(12) (12)(b1)
ColtDle — FO e PR\ (Lh)(2R) T (12)(hk)

h
h PL / 2 | P
= -5 + 67( 1+ p2) =®<
I; P2 512 ] P2

b

Lift and Passarino-Veltman reduction

(1) P1 P1
fo(s.0) = 2 | —S12 ><]i -3 =<><

[Nandan, Sieg, MW, Yang (2014)]
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Two-point Konishi form factor

Planar double-double cut
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Two-point Konishi form factor

Planar double-double cut Non-planar double-double cut

p1 /
A h s
| | “
@ ‘ ” %) b
s A
P2
A
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Two-point Konishi form factor

Planar double-double cut Non-planar double-double cut
I
b

P1
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Two-point Konishi form factor

Final result:
BPSZ
—6(/+ p1)*(/ + p2)? ><]:[ ><<
36
_|_ -
512 .

[Nandan, Sieg, MW, Yang (2014)]
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Divergences = Regularise in D = 4 — 2¢ dimensions )

N = 4 SYM theory

Dimensional reduction of A/ =1 SYM theory in D =10 to D = 4

Preserve SUSY = Use dimensional reduction to D = 4 — 2¢ J

Gauge field Ay, M=1,...,10

. Ay, pn=1,...,D=4-2¢
¢, I=1,...,10— D =6+2¢
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Subtleties (1)

Divergences = Regularise in D = 4 — 2¢ dimensions )

N = 4 SYM theory

Dimensional reduction of ' =1 SYM theory in D =10 to D = 4

Preserve SUSY = Use dimensional reduction to D = 4 — 2¢ )

Gauge field Ay, M=1,...,10
A, pu=1....D=4—-2¢

s
T gy, I=1,...,10-D=6+2¢

Metric nun = M — Oy J
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Subtleties (2)

Feynman diagrams

Vector index loop: 7, n"" = D =4 — 2¢
Scalar index loop: §;;0” =10 — D =6+ 2¢
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= independent of ¢
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Only interaction vertices in index loop:

Dimensional reduction

— gluon + scalar
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Subtleties (2)

Feynman diagrams

Vector index loop: 7, n"" = D =4 — 2¢
Scalar index loop: §;;0” =10 — D =6+ 2¢

Only interaction vertices in index loop:

Dimensional reduction

— gluon + scalar

= independent of ¢

Also operator in index loop:

Dependent of ¢!

Eg K= O tl’[qf)[¢J]

N
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Subtleties (3)

Generic multi-loop diagram with incoming operator O = tr[¢;¢,]
and outgoing scalar fields ¢ and ¢;. R-charge conservation:

P ! K J K ] K
P2 J L J L J L

(a) didu (b) dndx () dusdke

[Nandan, Sieg, MW, Yang (2014)]
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[Nandan, Sieg, MW, Yang (2014)]

Matthias Wilhelm Amplitudes, Form Factors and the Dilatation Operator



Subtleties (3)

Generic multi-loop diagram with incoming operator O = tr[¢;¢,]
and outgoing scalar fields ¢ and ¢;. R-charge conservation:
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Generic multi-loop diagram with incoming operator O = tr[¢;¢,]
and outgoing scalar fields ¢ and ¢;. R-charge conservation:

P ! K J K ] K
P2 J L J L J L
(a) didu (b) dndx () dusdke

faps , Osps=tr[¢(¢ ]

fic, K=6"tr[¢1¢]
(a), (b) No scalar index loop involving O

[Nandan, Sieg, MW, Yang (2014)]
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Subtleties (3)

Generic multi-loop diagram with incoming operator O = tr[¢;¢,]
and outgoing scalar fields ¢ and ¢;. R-charge conservation:

P ! K J K ] K
P2 J L J L J L
(a) didu (b) dndx () dusdke

faps , Osps=tr[¢(¢ ]

fic, K=6"tr[¢1¢]
(a), (b) No scalar index loop involving O

(c) One scalar index loop involving O
— Should have §”6;; = Ny = 6 + 2¢ instead of N, =6

[Nandan, Sieg, MW, Yang (2014)]
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Subtleties (3)

Generic multi-loop diagram with incoming operator O = tr[¢;¢,]
and outgoing scalar fields ¢ and ¢;. R-charge conservation:

P ! K J K ] K
P2 J L J L J L
(a) didu (b) dndx () dusdke

faps , Osps=tr[¢(¢ ]

fic, K=6"tr[¢1¢]
(a), (b) No scalar index loop involving O
(c) One scalar index loop involving O
— Should have 67§, = Ng = 6 + 2¢ instead of Ny = 6
Lift intermediate states:

0 _ (0 #(©)
fng,n - fBPS,n + fng,n

[Nandan, Sieg, MW, Yang (2014)]
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Subtleties (3)

Generic multi-loop diagram with incoming operator O = tr[¢;¢,]
and outgoing scalar fields ¢ and ¢;. R-charge conservation:

P ! K J K ] K
P2 J L J L J L
(a) didu (b) dndx () dusdke

faps , Osps=tr[¢(¢ ]

fic, K=6"tr[¢1¢]
(a), (b) No scalar index loop involving O
(c) One scalar index loop involving O
— Should have 67§, = Ng = 6 + 2¢ instead of Ny = 6
Lift intermediate states:

0 _ (0 2(6) 0 _ (0 6+ 2¢ 2(p)
fng,n - fBPS,n + fng,n - flC,n - fBPS,n + 6 flCe,n

[Nandan, Sieg, MW, Yang (2014)]
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Subtleties (3)

Generic multi-loop diagram with incoming operator O = tr[¢;¢,]
and outgoing scalar fields ¢ and ¢;. R-charge conservation:

P ! K J K ] K
P2 J L J L J L
(a) didu (b) dndx () dusdke

faps , Osps=tr[¢(¢ ]

fic, K=6"tr[¢1¢]
(a), (b) No scalar index loop involving O
(c) One scalar index loop involving O
— Should have 67§, = Ng = 6 + 2¢ instead of Ny = 6
Lift intermediate states:

0 _ (0 2(6) 0 _ (0 6+ 2 2(p)
fng,n - fBPS,n + fng,n - flC,n - fBPS,n + 6 fICe,n

= New kind of rational term at ¢ =1, %—pole altered at ¢ =2
[Nandan, Sieg, MW, Yang (2014)]
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Anomalous dimension

Universal IR structure

2 1) (1 2
(|Og flC,ren)(z) = (flé,llare + ZI(C)fIé,llare + ZI(C))

L (820

[Nandan, Sieg, MW, Yang (2014)]
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Universal IR structure

Anomalous dimension

o = (1L + 28+ 28)

,bare

L (20
2

- (L) (- 22 -9 o

[Nandan, Sieg, MW, Yang (2014)]
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Anomalous dimension
Universal IR structure

(108 ficyen)® = (e + 28 500 + 28

- (8 2
(L2)" (- 2 - 9y s ot

_18 12 (P 2

-

[Nandan, Sieg, MW, Yang (2014)]
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Anomalous dimension
Universal IR structure

(|Og fIC,ren)(2) = (flé2l'))are + ZI(CI) flél) + ZI(Cz))

,bare

L (20
2

. (2)
- (L) (- 22 -9 o

(1)y2 (2)
g _18_12_ )P %’
K g2 € 8e2 4e

= ’y,(c) =12 and 7(2) —48

-

[Nandan, Sieg, MW, Yang (2014)]
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Anomalous dimension
Universal IR structure

(|Og fIC,ren)(2) = (flé2l'))are ZI(CI) flél) + ZI(Cz))

,bare
- (1 2
=<_“—;>25<—1§§s D) 4 o

(1)y2 (2)
éz(z):E_E:(’ﬁc)_’_’YL
K g2 € 8e2 4e

= ’y,(c) =12 and 7(2) —48

Agrees with results of [Anselmi, Grisaru, Johansen (1997)], [Anselmi, Freedman,
Grisaru, Johansen (1997)] and [Bianchi, Kovacs, Rossi, Stanev (1999,2000)],[Eden,
Schubert, Sokatchev (2000)]

-

[Nandan, Sieg, MW, Yang (2014)]
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— Two-loop Konishi anomalous dimension

@ Requires extension of the unitarity method
— Lift also intermediate states
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Further new features: UV divergences and rational terms
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Conclusions

@ Initiated study of form factors for generic operators

@ Minimal tree-level form factors implement the spin chain in
the language of amplitudes

(]

Cut-constructible part of one-loop minimal form factor

— Complete one-loop dilatation operator from UV divergence
MW (2014)]

>

(]

Two-point two-loop form factor of the Konishi operator
— Two-loop Konishi anomalous dimension

@ Requires extension of the unitarity method
— Lift also intermediate states

(]

Further new features: UV divergences and rational terms
— Closer to QCD

Cross section (imaginary part of two-point function)
[Nandan, Sieg, MW, Yang (2014)]
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Rational terms at one loop
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Twistor action for form factors
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