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Motivations

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

o

= Why study higher spin symmetries?




Maximal symmetry

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

HS symmetries can not result from breaking of higher
symmetries

J

Manifest at any scale including Planck scale and above = HS

gauge theory captures quantum gravity effects
[Fradkin-Vasiliev]

Gravity 1s sourced by HS fields & vice versa = Einstein

oravity cannot be obtained as a truncation & Riemannian
geometry 1S not an appropriate tool

One loop calculations of free energy show that HS theories

are one-loop UV finite theories of quantum gravity
[Glomb1 Klebanov ’13, Giombi-Klebanov-Safdi ’14 |




Stringy motivations

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

There are large N free CF'Is with conserved HS
currents in d=4 (e.g. N=4 SYM 1n the zero ‘t Hooft

coupling limit)
%

AdS/CGET

v
Tensionless limit of type IIB string theory in AdSs x S°
must reduce to a HS gauge theory (coupled to infinite

tower of massless fields).

|Ferrara-Fronsdal *98,Haagi-Mani-Sundborg "00, Konstein-Vasiliev-Zaikin *00,
Witten °01, Beisert-Bianchi-Morales-Samtleben *04, Sagnotti ’1 1, Jevicki et al,
Douglas et al]




Symmetry = Solvability

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

0 dimensional conformal (Virasoro) symmetry in two

dimensions gives a host of exactly solvable models
| Belavin-Polyakov-Zamolodchikov ’84]

Conformal symmetry finite dimensional in d>2, so
we need more symmetries — % HS symmetries!

However, exact conformal HS symmetry 1s too
restrictive & gives free field theories but approximate

HS symmetry gives non-trivial interacting GEF'1s
[Maldacena-Zhiboedov ’11]
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Motivations

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Why study higher spin symmetries?
Higher spin holography.




HS/ Vector model holography

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

HS/ Vector model duality (AdS4/CGEF'1's) conjectures

[Klebanov-Polyakov, Sezgin-Sundell, Leigh-Petkou ’02, Giombi-Yin ’09,’10]

AdS4 HS theories are dual to free or critical O(N) boson/
fermion vector model depending on boundary conditions

Generic boundary conditions (parity violating) break some
HS symmetry and correspond to non-linear boundary
conformal theories where HS currents interact with HS gauge

fields and acquire anomalous dimensions [Vasiliev ‘1]




Vasiliev fields as string bits

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Vasiliev theory with Large N,k
U(M) Chan-Paton < B Ui\gk >t<hU<M>-k
factors & =6 b.c. eFiI:liteyg ] theory

Raas/ gstring = (}\>1/4

Strong bulk ’t Hooft Jap! B = (N-M)/k

coupling
Aouk = M/N :
s Type IIA string theory
in AdS4 x CP?
Bomndistatesot-blSparticles—: - sttt > Strings

| Giombi-Minwalla-Prakash-"Trivedi-Wadia °11, CGhang-Minwalla-Sharma-Yin “12]

——- "y




AdSs/CEF 1y Story - Minimal model
Holography

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

[Gaberdiel-Gopakumar °11]: ' The role of vector models in 2d 1s
played by Wxx minimal models.

Conjecture: Holographic duals are AdSs Vasiliev higher
spin theory (tower of 9 HS fields coupled to massive
scalars).

Vasiliev higher spin symmetry organizes all the states
of the (T*)N*1/Sn+1 orbifold symmetric product

CFT = Tensionless limit of strings on AdSs3 x S° x T*
|Gopakumar Strings °14, Gaberdiel-Gopakumar °14]




o

&

/

/
\ X4

Motivations

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Why study higher spin symmetries?
Higher spin holography.

Extension to d=4 and d=6?




OOOOO

Problems

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Conformal HS algebras in d=3 are conveniently

descri

twistorial

hed 1n terms of Lorentz covariant

| oscillators due to SO(3,2) = Sp(4,R)

Extension to d = 4 and 6 15 not straightforward
as the algebras described by Lorentz covariant

twistorial oscillators are

de=4=5p(G R D dU 2 2= 50
CE=C0

Sp(16,R) D SO*@8) = SO(6,2)




Punchline

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

T'he conformal HS algebras in 4 and 6

dimensions are naturally formulated in terms of
nonlinear twistors which transtorm nonlinearly
under the respective Lorentz groups.

T'hese algebras admit one parameter continuous
(4d) and discrete (6d) deformations which
describe mixed symmetry HS algebras.

Straightforward supersymmetric extensions.




Prelude

HS algebras and singleton/doubleton

representations




SO(d,2)

—

Conformal group in d>2

: : : AdSg+1 symmetry grou
space-time dimensions SREE y group

Positive energy unitary representations or lowest
welght representations

Modules labeled by compact subgroup
SO(d)xSO(2)




Unitarity = Hilbert space with positive definite

Nnorin

| SO(2) label (conformal
/’" dimension or AdS energy)

Bounds on labels A =2 {SO(D) |

abels)

| Saturate the |

Various “‘short” and “semi-short” representations

Notion of masslessness 1s tricky to define in AdS

=

=

(Gauge degrees of freedom or reduced d.o.f.




SO(4,2)

Positive energy UIR’s classified pack 771

4d Poincare

Labels AdSs5 content
content
Short/singleton/ Bh= == No Poincare limiat,
doubleton s . .. _ .| live on the boundary
(protected) A_J1+J2+1 hehc1ty = [Gunaydin-Marcus ’84]
oo 1170, J2#0 m > () Massless
A= Ti]o+2 spin = J1 +J2 | symmetric + mixed
Chiral semi-short J1JZ :.O’ k= 2 ; Chiral massless
A>J1+JQ+1 spm =J1 +JQ
Long gl 2, i Massive
A>Jitjet2 | J2|sees 1 +]2




Oscillator methods for SO(4,2) = SU(2,2)

|Gunaydin-Marcus, Gunaydin-Nieuwenhuizen-Warner ’85, Glunaydin-Minic-Zagermann ’98,.. . ]

[ai@) > aj <r1>] = Sij 85» I » [br<€> ) bs<r1>] = SYS 85» Il
Bl - 1,5 — 1,2 —=C, =20k

e generations of oscillators
Loowering operators Li: = a; . b,
Raising operators L = a' . b"

Maximal compact subgroup K of SU(2,2) = SU(2)r. x SU2)r x U(1)k

SU(2)L. e o e
SU2R Rii = bi . by~ % 8 bk, by
AdS energy E="hlaa -t




Oscillator methods

| Gunaydin-Marcus, Gunaydin-Warner ’85, Gunaydin-Minic-Zagermann "98,... ]

P Short/Singleton/ D@gi+1,71,0) ®
= Doubleton D(j2+1,0, j92)
2= Semi-short SER R 2

o . : D(jl+2+n,j1,()) @
Re== Chiral semi-short Dfip+2+n.0, i)
P>?2 Massive IBIIESE

Similar results for SO(6,2)
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Why do we care about short representations?

Fastwood-Vasiliev HS algebras

[Eastwood *02]
hs(d,2) = @((so(d,2))/ #(so(d,2))
Universal enveloping algebra _/ (v

Annithilator of scalar singleton/

doubleton (Joseph 1deal)
hS(d, 2> = @dSO(d, 2>scalar singleton/doubleton module>

@ S trace-free part

s=0

IIZ

S
= Conformal Killing tensors

— —




Minimal unitary irreducible representation
(minrep)

Minrep: A unitary realization of a semi-simple
Lie algebra on a Hilbert space of functions with
minimal number of variables possible. [joseph '74]

For SO(d,2) the scalar singleton/doubleton
module 1s the minrep
d = 3 [Dirac ’63, Flato-Fronsdal *78]
d = 4, 6 [Ginaydin-Fernando *09-"10]




Oscillator representation (one pair) for SO(3,2) directly
yields the scalar singleton or the minrep

Enveloping algebra

v

[Vasiliev. .., Gunaydin ’89]

AdSs Higher spin (scalar/spinor) algebra hs(3,2)

Oscillator representation (two pairs) for SO(4,2) and
SO(6,2) decomposes into infinite irreps (doubletons)
including minrep

|Glinaydin-Marcus, Gunaydin-Nieuwenhuizen-Warner ’85]

Non-trivial constraints

v

[Sezgin-Sundell ’01, Vasiliev ’05 ]

AdSs5/7 Higher spin (scalar/spinor) algebra hs(4,2), hs(6,2)




Generalized spacetimes & Quasicontormal

Realizations (QCR)

| Guinaydin-Koepsell-Nicolai ’00; Gunaydin and collaborators... |

Except for Go, F4 & Eg, certain non-compact real forms of all
simple groups arise as conformal groups of formally real

Jordan algebras

Simple Freudenthal All simple Lie zltlgebl(;as (e?i(iept S}LQ))
triple systems (FTS) g=p O e T .

=

Using F'1'S triple product, define a quartic norm

One-dimensional




(Quasiconformal groups act geometrically on the space
coordinatized by F'I'S and a singlet coordinate defined
by the symplectic invariant of F'1'S

Invariance groups of “quartic light cones”

Geometric QCG action of SU(2,2) = SO(4,2) in a 5-

dimensional space
[Gunaydin-Fernando *09]

Add a momenta
for singlet & quantize

v

Minrep of SU(2,2) in a 3 dimensional phase space

[KG-Giinaydin *13] Enveloping algebra

HS algebra!




Act ]

Description of hs(4,2) using QCG




= gr adln g | Glinaydin-Pavlyk "06;
Gunaydin-Fernando *09]

04,2)=g? Do D" Dt @ g*?

=12®(2,2)' @ (D ®sp(2,R) ® SO @ (2,2)+! @ 12

./ _— =

Realized as bilinears of Non-linearly realized
ordinary bosonic oscillators using quartic mnvariant

Compact 3-grading

s0(4,2) = (Di-annihilation) ! @ (su(2)1. ® su(2)r ® E)° @ (Di-creation) *!

Conformal (non-compact) 3-grading

s0(4,2) = (Py) ~ @ (s0(3,1) D s0(1,1)»)° ® (Kyp) ™




Non-linear twistors
| KG-Glinaydin °13]

BespE=1— [d,d=1 [z pt=d

Z1=Yolx+ip-&/x)-1gt |Y'=Yax-1p-&/x)-ig
Z1= Ve(x-ip-@/x) +ig | Y'= Va(x +ip -@/x) +1igl
Zo=o(x-1p +@/x)-1d | Y2=le(x +ip +Z/x) +id!
7o = Yo(x +ip + @/x) +1dl | Y2 = Va(x - ip -&/x) - 1 d

[ Xa, Xp | L/x (8(1]3 S XX
Generic Z or Y

=dd-glg-"2+
= Helicity ( e R




Generators of SO(4,2)

Translations Special conformal

Pop (D) = (0" Pap=-Za Zg K®(Q) = @* K= - Yo YF
Dilatation o8 (Z) — (i/ 4) (ZOl Yo + Yé ZQ>

/'M(IB (Z) = (1/ 2) <Z(1 YP - /2 8o Ly YY) Even though the

S1(2,C) generators are

\J\/Id(g (Z) s _(1/2) (YA'Q ZB ST 6(1[-3 Qy Zy) bilinears, Z & Y
themselves
are non-linear and

: 1t 1S an Interacting
Cr [ e s realization




Uf(so(4

,2))

&

Adjoint of _/

SO(d,2)

Jasep = 1/2 {Mag, Mcp} - MagOMcep - 1/60 <Mag , Mcp>

Generators Japep vanish 1identically in minrep

Joseph 1deal

= Y Symmetric tensor products in adjoint

A
SEZ

D D e

A )
Factored out by
Joseph ideal




Joseph 1deal

P2 = Pr. Pp: () «—  Massless — K2 = K- Kp: 0
l/y £BVPO P, 'Mpg — Pauli - Libanski =~ 1 fo VP K, .1\/[()(7 ==

vector
Pr My + 1y A) = 0 My + N A) - K0 = 0
Fixes Casimir e ) =
to a c-number = A R R MPV_I_PP KP_O
N Myp - Myo - P - Koy + 217 = 0
My - Moo+ Myo - My + My - Mgy =0

A My + Pp- Ky =0
LRl i)




Detormed Joseph 1deal

P2 === Pp: (0 «— Massless — KQ = Kup. Kp: ()
1/, ehvpo Pv ’Mpg = Z P Rl Liibanski_)l /o ghVpOo Kv .1\/[9cy = Z K»

vector
Pr- (M + nw A) = 0 M+ A) - KFE=10
C e AAA+MY M, +PK =0
N* My - Mo - P - Koy + 21150 = (% 2) 10
My - Moo+ Myus - Myp + Myp - Moy = ( €pvpo A

A My + P Ky = -(0/ 2) gpvpe MPO
LRl i)




Role of {in deformed HS algebras

For T #0

Thus even though, 4-row diagrams do not vanish, they can be
dualized to two row diagrams and the deformed HS algebras
are still Vasiliev type algebras.

A one-parameter family of HS algebras in 4d were also found by Young Tableaux analysis
[Boulanger-Skvortsov *11]




— -

Supersymmetric extension SU(2,2 | N)
Fermionic oscillators {&, &} =61 (I,]=1,....N)

Odd generators
Q'a=Z:(0,  Qra=—&2()
e 0 o
SU(N) R-symmetry generators
Ry =gl — 6,65k
/~5Central charge

LC—>£S:Nd—Ng+Ng+§—§

— e —




- — -

Supersymmetric extensions

Superconformal group 1n 4d - SU(2,2 | N)

l Enveloping algebra

SU(2,2|N)
/_/ﬁ

HEST2 2100 = > M e

D

SU(2,2)

two-row diagram SU(2,2|N)

7\ 7\

Lw N\ oy la

supersymmetrize\

\ 4

Maximal finite dimensional subalgebra 1s SU(2,2 | N)

and HS[SU(2,2 | N);(] contains HS algebras of various
irreps in supermultiplet of SU(2,2 | N) as subalgebras

— — e — —




QCG for SO(3,2) = Sp(4,R)

Quartic invariant (I4)

v
Non linearities in QGG

Symplectic groups = 14 vanishes = QUG

reduces to usual bilinears

Fock space of oscillators decomposes into 2 irreps ot
SO(3,2) namely scalar and spinor singletons




Act 11

Description of hs(6,2) using QCG




= gr adln g | Glinaydin-Pavlyk "06;
Gunaydin-Fernando *09-10]

06, )=¢”@Dg ' D" Dgt @D g*?

=12®(4,2)' ® (D ® SO4) ®sp2,R)° ® (4,2)*! @ 12

./ — =

Realized as bilinears of

. : . Non-linearly realized
ordinary bosonic oscillators

Compact 3-grading

50(6,2) = (Di-annihilation) -! @ (so(6) ® E)° ® (Di-creation) *!

Conformal (non-compact) 3-grading

50(6,2) = (Py) ! @ (s0(5,1) @ so(1,1) )’ ® (Ky) !




-

Massless representations 1n 6d

SO(4,2) SO(6,2)
Little group U SO4) = SU(2)L x

of massless particles SU(2)a
Labels Continuous Discrete (i, ja)

Non-linear twistors | & =did - gfg- "2 +

Ti, To: SU<2)T

generators

N

Conformally massless reps are of /
form jr. ja = O't.e. (jn, 0 or COSTAY

“Orbital” generators of SU(2)., get extended to “total angular
momentum’” SU(2)1 by adding “spin” generators SU(2)s

f =t s




Generators of SO(6,2)  [KG-Giinaydin ’14]

Translations Special conformal

Pop = (SHPap = Zo Zpiey K= (30 K )oB = Yai Yhi g;

Dilatation /= <i/ SEZa Zaj) €ij

SO(5,1) Mo = (Vo) (YA Zoi - Vs 88 YV Z,3) &
= (Vo) (Zo YP - Va 8 Z,i 1) g

EpELIae gt

——- "y




Joseph 1deal

=P Pp =0 «—  Massless — K2 = K»- Kp =
= e Analogs of == : =
AVPG = P[V .MPG] =S Pauli - Liibanski EVPG = K[V MPG] ="

vector

Pr- (M, + 1 A) = 0 Moy + 1y A) - KF = 0
Fixes Casimir e : s
to a c-number B M}JV_I_QPP KP_O
N Myp - Myvo - P - Koy + 407 = 0
M.,y - Moo + Myo - Myp+ Myp - Moy =0

A-Mpy+ P Kg=0
Rl it




Detormed Joseph 1deal

P2 = Pr. P}l = «— Massless — K2 =Kk#n- Kp ==
ey Selt dual and S &
AVPG == AVPG == anti-self-dual = EVPG EVpG

Pr- (M + 1y A) = 0 M,y + v A) - Ko = 0

Fixes Casimir o 6 A > A 1 MPV . Mp\/ +2 Pp : Kp — O

to a c-number

N Myp - Mo - P - Koy + 2006 = 2t(t+1) 1po
‘\ deformation SU(2) spin
My - Moo + Myo - Myp + Myp - Moy

|
Epvpo’ (A - Mse + Ps - Ky)

Rl it

p——— . "y T DO A 2 — - A ———




Deformed AdS7/CGEF 16 HS algebra

hs(6,2;t) = & (s0(6,2)qcr)

However| |does not vanish for t # 0, but, it satisfies an
8-dimensional self duality condition < 3-form gauge

field with a selt dual field strength

AdS7: 3-form gauge fields satistying odd dimensional self
duality

6d: Conformal 2-form fields with a selt dual field strength
(tensor field of (2,0) supermultiplet)




.-

hs(6,2;t) generators include

T'his suggests theories based on discrete
deformations of the minrep describe HS
theories of Fradkin-Vasiliev type in AdS;

coupled to tensor fields that satisty selt-duality
conditions and their higher extensions




Act 111

HS holographic dualities and

correlation functions




HS holography in AdSq

What 1s known?

Vasiliev has constructed d-dimensional HS

theory of interacting HS ﬁelds*-\

[ Vasiliev 11 (cubic coupling in AdSq)]
Totally symmetric

massless HS fields

But there are mixed symmetry massless fields in d>4

Symmetry algebras for these mixed symmetry fields for

AdSs and AdS7 [KG-Giinaydin °13, °14]

AdS theories

[Metsaev "95, Alkalaev-Shaynkman-Vasiliev 03,

Alkalaev ‘12 | 15

——-




.-

Expected spectrum of mixed symmetry massless

fields in AdS5

Symmetric boundary theory (for j1 = j9) [Heidenreich *80]

D(jl+17]17O)®D(]2+1707]2) :ZD(Jl +]2+2+87]1+_7]2+_)

2 2
s=0
Chiral boundary theory
Ji1t+J2
SRR R s a0 = DG
s=|j1—Jz2|

— s o T
@ZD(]l s P e +J2+§,§)
s=0

Tensoring in QUG will lead to an interacting realization of massless

fields in bulk for arbitrary Z | KG-Gunaydin (work in progress)]

Spin one boundary theory, one loop corrections to vacuum energy and
4d anomaly coethicients recently studied by [Beccaria-Tseytlin *14]

- —




Lo be free or to interact, that 1s the question...

Under certain reasonable assumptions (unitarity, finite &
unique stress tensor...), the dual GF'1"1in 3 dimensions with

exactly conserved HS symmetry 1s free!

[Maldacena-Zhiboedov ’1 1, Boulanger-Ponomarev-Skvortsov-Taronna ‘13]

There are certainly free CIF1s dual to HS theoriesin d > 3
[Giombi-Klebanov-Tseytlin *14]

No general theorem that forbids interactions in d > 3,
but no known examples of an interacting theory with
exactly conserved HS symmetry either




QGG 18 non-linear

Generators of conformal transtformations
contain terms that are cubic and quartic 1n
oscillators

J

Interacting realization!

However for T € Z, 1somorphic to doubletons
which are free field realizations (bilinears)

What does it mean for the CGF'ls whose
conserved charges are given by QGG

generators?




Interacting example 1n one dimension

D(2,1;a) superconformal quantum mechanics,
interacting matrix model with non-linear

supersymmetry transtormations
|Fedoruk-Ivanov-Lechtenteld ‘09]

-1 mapping of quantum generators of
superconformal symmetry with QUG generators
for deformed minreps of D(2,1;a)

[KG-Gunaydin ‘12]




Probing CF'ls: Correlation functions

Conformal symmetry constrains correlation functions
but HS symmetries constrain them even further

[Maldacena-Zhiboedov ’11]

Weakly broken HS symmetry for even low N
3d ISiIlg Model: T4 = 10208<12) [Campostrini et al *97]
1.02 < 1t, < 1.037, s = 6 [Komargodski-Zhiboedov ‘13]

Standard oscillator approach: Need to impose
constraints/projectors to tactor out the 1deal

QCG approach: no need for projectors &

straightforward supersymmetric extensions




(Part of) Vasiliev’s equations
(relevant for bulk to boundary propagator)

d€) +Q*() =0 __ Twisted adjoint
dB + OxB + BxQOQ =0 representation

Intertwines HS Master

field Containing -j \- Flat connection that ol
HS field strengths m the defines AdS background _ :
bulk and the generating 2

function of conserved
currents on the boundary

<J (X1> s J (Xn> e Z TI‘ ((I) <X9X1>** CI) <X>Xn>)
l Depends on B
and transforms
n-point correlation n adjoint
function

X dependence drops out |[Columbo, Sundell *12;
because change in X Didenko, Skvortsov *12]
1s a HS gauge transformation




3d: < js1 Js2 s3> = Free Boson

Free fermion

[Maldacena-Zhiboedov ’11]

Light cone limit only works for
symmetric currents

4d: < Js1 Js2 Js3=> = Free Boson + Free termion + Free spin-1
@ba-Diab ’13,Boulanger-Ponomarev-Skvortsov-Taronna ‘13]

Totally symmetric currents

Compute the HS correlators for mixed symmetry fields
based on deformed hs(4,2; () using Vasiliev equations for
bulk-boundary propagator

| KG-Gunaydin-Skvortsov-Taronna (work in progress)|




OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

QGG methods provide a natural and unified
framework for studying HS (super) symmetries
in four & six dimensions and computing n-point
correlation functions

Richer spectrum of mixed symmetry massless
fields 1n AdSq (d > 4) leads to a variety of GF'1s
and new HS holographic dualities

Breaking HS symmetries weakly can lead to
interesting non-trivial GF1s (with good control)

in 4d and 6d




T'hings not addressed

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Breaking HS symmetry in higher dimensions?

Application of non-linear twistors to spin chain

models associated with " =4 SYM

(Spectral parameter or unphysical helicities for scattering
amplitudes in )= 4 SYM corresponds to deformation

parameter ()
[Ferro-Lukowski-Meneghelli-Plefka-Staudacher 12, *13]
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