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AdS3 integrability: brief reminder

• AdS3 × S3 × T4 background preserves 16 supersymmetries.
• IIB supergravity backgroud is near horizon limit of mixed
NS5-NS1 + D5-D1 solutions.

• RAdS3 = RS3 .
• S-duality transforms NS-NS 3-form flux into RR such that
coefficients χ, κ are related χ2 + κ2 = 1

• Pure NS-NS limit is given by superstring generalization of
SL(2)× SU(2) WZW model and spectrum can be found in
RNS formalation (chiral decomposition of WZW)

• Pure RR limit can be described in GS formulation giving the
supercoset PSU(1, 1|2)× PSU(1, 1|2)

SL(2)× SU(2) × U(1)4 and is
classically integrable due to Z4 symmetry
[A.B.,B.Stefanski,K.Zarembo, 2009]



AdS3 integrability: brief reminder

The mixed flux theory was shown classically integrable in all the
range 0 6 χ 6 1 [A.Cagnazzo, K.Zarembo, 2012]

Quantum S-matrix with mixed flux has the same χ - independent
symmetry as in pure RR limit, but its representation is χ -
dependent: χ enters through dispersion relation

There are novel features of AdS3 integrability compared to AdS5
and AdS4 :

• massless modes coexist with massive We will consider only
massive sector

• There are more then one dressing phase, and crossing and
unitarity conditions seem to be not enough to fix dressing
phases for S-matrix



Mixed flux classical integrability

ACTION:

The only WZ term which can be added to MT action in the case
of Z4 permutation supercoset G × G/H is (κ2 + χ2 = 1) [A.Cagnazzo,

K.Zarembo, 2012]

Smixed =
1
2

∫
M

(J2 ∧ ∗J2 + κJ1 ∧ J3) +

+ χ

∫
B

Str(23J2 ∧ J2 ∧ J2 + J1 ∧ J3 ∧ J2 + J3 ∧ J1 ∧ J2)

The action is both κ-symmetric and integrable iff κ2 + χ2 = 1. But
Z4 symmetry is broken to Z2. Change notations:

gL ⊕ gR 3 x =

(
xL 0
0 xR

)
, Ω4(x) =

(
xR 0
0 (−)F xL

)
,

JL,R = g−1
L,RdgL,R



Mixed flux classical integrability
In these notations we introduce non dynamical variable - matrix W :

W =

(
+1 0
0 −1

)
, Ω4(W ) = −W

and define the supertrace for x ∈ gL ⊕ gR as

Str(x) = Str(xL) + Str(xR)

Action

Smixed =
1
2

∫
M

Str (J2 ∧ ∗J2 + κJ1 ∧ J3)

+ χ

∫
B

StrW
(
2
3J2 ∧ J2 ∧ J2 + J1 ∧ J3 ∧ J2 + J3 ∧ J1 ∧ J2

)
.

is now Z4 invariant, but it is not a physical symmetry.
(Ω4(W ) = −W is the same as χ→ −χ).



Mixed flux classical integrability
LAX CONNECTION A(x):

We look for solutions A of dA+ A∧ A = 0 with the ansatz

A = J0 + γ2J2 + γ∗ ∗ J2 + γ1J1 + γ3J3

where γi = αi I + βiW are matrices. In terms of

δ∗(χ) = α∗ + β∗ = χ±
√
δ2

2(χ) − κ
2,

δ1(χ) = α1 + β1 = ±
√
δ2(χ) − κδ∗(χ),

δ3(χ) = α3 + β3 = ±
√
δ2(χ) + κδ∗(χ),

the most general Lax connection

A(x) = 1
2 ((δi(χ) + δi(−χ))Ji + (δi(χ) − δi(−χ))WJi)

i = 0, 1, 2, 3, ∗ and δ0(χ) = 1.



Mixed flux classical integrability
LAX CONNECTION A(x):
Flat connection is not unique: A→ A ′ = hAh−1 − dhh−1.
Compared to [CZ] we use different parametrization for spectral
parameter of A(x) applying gauge transformation. We require:
• It has standard form at χ→ 0.
• Gauge out J0: A→ a = g(A− J)g−1 and require
a ∼ Noeter current

x for x →∞
• A(1/x) = Ω4(A(x))
• The poles should coincide with the ones obtained from BE
analysis

It gives:

δ2 =

(
x2 + 1

)
κ

(x2 − 1) κ− 2xχ , δ1 = (x + 1)
√

κ

(x2 − 1) κ− 2xχ ,

δ∗ = −
2xκ

(xκ− χ)2 − 1 , δ3 = (x − 1)
√

κ

(x2 − 1) κ− 2xχ .



Mixed flux classical integrability
LAX CONNECTION A(x):

The poles of A(x) are shifted compared to pure RR case and
located at x = s = ŝ+,−1/s = ŝ−,−s = š+, 1/s = š− where

s = s(χ) =
√

1+ χ
1− χ ,

with residues

A (x ' s) = 1
2 (I+W )

s
x − s (J2 + ∗J2) + · · ·

A
(
x ' −s−1) = 1

2 (I+W )
−s−1

x + s−1 (J2 − ∗J2) + · · ·

A (x ' −s) = 1
2 (I−W )

−s
x + s (J2 − ∗J2) + · · ·

A
(
x ' s−1) = 1

2 (I−W )
s−1

x − s−1 (J2 + ∗J2) + · · ·



Mixed flux classical integrability
LAX CONNECTION A(x):

The chosen parametrization of Lax connection degenerates in the
pure NS-NS limit (χ→ 1, κ→ 0) : only non zero coefficient is
δ∗ = 1.
BUT, if we want to avoid this, we can do it preserving a general
parametrization of δ2 yields

W δ∗ = 1− δ2, δ1 = δ3 = ±
√
δ2,

or W δ∗ = 1+ δ2, δ1 = −δ3 = ±
√
δ2.

without (in general) degeneracy of Lax connection. For example:

δ2 =
1+ x2 − χ2

(x − χ)2 − 1 , δ1 =
x + κ√

(x − χ)2 − 1
,

δ∗ = −
2x

(x − χ)2 − 1 , δ3 =
x − κ√

(x − χ)2 − 1
.



Finite gap equations

Because of restored Z4 symmetry a standard procedure for
derivation of finite gap equations can be applied.
[A.B.,B.Stefanski,K.Zarembo, 2009], [K.Zarembo, 2010]

With quasimomenta pi(x ,χ) monodromy matrix
M(x ,χ) = P exp

∫2π
0 Aσ(x ,χ) = U−1(x ,χ) exp(pi(x ,χ)Hi)U(x ,χ),

- gauge invariant and defined up to Weyl group transformations.
By construction, M is given by two blocks, therefore also p : p̂
with poles at ŝ±,and p̌ with poles at š±

Encircling a branch point pl(x)→ pl(x) − Almpm(x) + 2πnl ,i with
All = 0 for fermionic roots - log branch points, All = 2 for bosonic
roots -

√
branch points.

Alm/pm = 2πnl ,i , x ∈ Cl ,i



Finite gap equations
Close to the poles

p̂l(x ' ŝ±)→ ±
ŝ±
2
κ̂l ± 2πm̂l
x − ŝ±

+ · · · ,

p̌l(x ' š±)→ ∓
ŝ±
2
κ̌l ∓ 2πm̌l
x + ŝ±

+ · · · ,

where

ŝ+ = s, ŝ− = −1/s, š+ = −s, š− = 1/s.

There should exist a matrix Sml : Ω4(Hm) = HmSml and
pl(1/x) = Slmpm(x)

Virasoro constraints are not modified by WZ term

(κl ± 2πml)Alk(κk ± 2πmk) = 0.



Finite gap equations

Using the residues analysis one can show that spectral rep. of
quasimomenta in terms of discontinuities at the cuts

p̂l(x) =
x
κ
(2πχm̂l + κ̂l) + 2πm̂l
(x − s) (x + s−1)

+

∫
Cl

dy ρ̂l(y)
x − y +

∫
1/Cl

dy
ˆ̃ρl(y)
x − y ,

p̌l(x) =
x
κ
(2πχm̌l − κ̌l) − 2πm̌l
(x + s) (x − s−1)

+

∫
Cl

dy ρ̌l(y)
x − y +

∫
1/Cl

dy
ˇ̃ρl(y)
x − y ,

similar for p̂l(1/x), p̌l(1/x)...



Finite gap equations

p̂l(1/x) =
x
κ
(2πχm̂l − κ̂l) − 2πm̂l
(x − s−1) (x + s) − 2πm̂l+∫

1/Cl

dy ρ̂l(1/y)
y +

∫
Cl

dy
ˆ̃ρl(1/y)

y +

∫
1/Cl

dy ρ̂l(1/y)
x − y +

∫
Cl

dy
ˆ̃ρl(1/y)
x − y ,

Specifying the grading for psl(1, 1|2): S = σ1 ⊗ Slk , A = σ3 ⊗ A
with

A =

 0 −1 0
−1 2 −1
0 −1 0

 , S =

1 −1 0
0 −1 0
0 −1 1


we find

κ̂l = Slmκ̌m, m̂l = Slmm̌m,

2πm̂l = −

∫
Cl

dy ρ̂l(y)
y + Slm

∫
Cm

dy ρ̌m(y)
y ,

2πm̌l = +

∫
Cl

dy ρ̌l(y)
y − Slm

∫
Cm

dy ρ̂m(y)
y ,



Finite gap equations

2πn̂k,i =Akl

x
κ
(2πχm̂l + κ̂l) + 2πm̂l
(x − s) (x + s−1)

+ Akl −

∫
Cl

dy ρ̂l(y)
x − y − AklSlm

∫
Cm

dy
y2

ρ̌m(y)
x − 1/y ,

2πňk,i =− AklSlm

x
κ
(2πχm̂m − κ̂m) − 2πm̂m

(x − s−1) (x + s)

− Akl −

∫
Cl

dy ρ̌l(y)
x − y + AklSlm

∫
Cm

dy
y2

ρ̂m(y)
x − 1/y ,

Using Pi =
1

4π
∫
dy ρi(y)

y we finally get

κ̂ = 2πE(1, 0, 1),

m̂ = −2(P̂− SP̌) = 2
(
−P̂1 + P̌1 − P̌2,−P̂2 − P̌2,−P̂3 + P̌3 − P̌2

)
m̌ = +2(P̌− SP̂) = 2

(
−P̂1 + P̌1 + P̂2,+P̂2 + P̌2,−P̂3 + P̌3 + P̂2

)
,



Finite gap equations

2πn̂1,i = −

∫
dy ρ̂2(y)

x − y −

∫ dy
y2
ρ̌2(y)
x − 1

y2
,

2πn̂2,i = 2 −

∫
dy ρ̂2(y)

x − y −

∫
dy ρ̂1(y)

x − y −

∫
dy ρ̂3(y)

x − y +

∫ dy
y2
ρ̌1(y)
x − 1

y
+

∫ dy
y2
ρ̌3(y)
x − 1

y

−
4πx

(x − s)(x + s−1)

( 1
κ
E−

χ

κ
M
)
+

4π
(x − s)(x + s−1)

M,

2πn̂3,i = −

∫
dy ρ̂2(y)

x − y −

∫ dy
y2
ρ̌2(y)
x − 1

y2
,

2πň1,i = +

∫
dy ρ̌2(y)

x − y +

∫ dy
y2
ρ̂2(y)
x − 1

y2
,

2πň2,i = −2 −

∫
dy ρ̌2(y)

x − y +

∫
dy ρ̌1(y)

x − y +

∫
dy ρ̌3(y)

x − y −

∫ dy
y2
ρ̂1(y)
x − 1

y
−

∫ dy
y2
ρ̂3(y)
x − 1

y

−
4πx

(x + s)(x − s−1)

( 1
κ
E+

χ

κ
M
)
+

4π
(x + s)(x − s−1)

M,

2πň3,i = +

∫
dy ρ̌2(y)

x − y +

∫ dy
y2
ρ̂2(y)
x − 1

y2
,

where
M = P̂1 − P̌1 + 2P̌2 + P̂3 − P̌3.



Spin chain symmetry
Ground state [R.Borsato,O.Ohlsson Sax,A.Sfondrini,B.Stefanski,A.Torrielli, 2012,2013]

Sites are occupied by (−1
2 , 1

2) reps of psu(1, 1|2) with h.w.V .

Vacuum |0〉 = (V )L ⊗ (V )L is preserved by 8 super- and 2 central
charges {Qi , Q̄i , Si , S̄i ,H, H̄}, i = 1, 2,

{Qi , Sj } = δijH, {Q̄i , S̄j } = δijH̄

They form psu(1|1)2 n u(1)2 o psu(1|1)2

Hamiltonian: H = H + H̄,
Angular momentum of AdS3: M = H − H̄

Additionally there are outer automorphisms Bi acting on each
psu(1|1)2

The full symmetry preserving the ground state[
u(1)n psu(1|1)2]2 n u(1)2



Spin chain symmetry
Excitations
Excitations - states of psu(1, 1|2)2 - replace one or more ground
state sites. Looking at the Hamiltonian one can select the lightest
set. They form the bifundamental reps of psu(1|1)2 ⊕ psu(1|1)2.

(φφ)

(ψφ) (φψ)

(ψψ)

Q1, S̄1

S1, Q̄1

Q1, S̄1

S1, Q̄1

Q2, S̄2

S2, Q̄2

Q2, S̄2

S2, Q̄2

(ψψ)

(ψφ) (φψ)

(φφ)

Q2, S̄2

S2, Q̄2

Q2, S̄2

S2, Q̄2

Q1, S̄1

S1, Q̄1

Q1, S̄1

S1, Q̄1

Left/right algebra action on right/left states leads to spin length
change and to two additional central extensions {Qi , Q̄j } = δijP,
{Si , S̄j } = δijP†, giving the final symmetry[
u(1)n psu(1|1)2]2 n u(1)4



Pure RR S-matrix

The all loop massive modes scattering S-matrix of AdS3 × S3 × T4

with pure RR flux is S = Ssu(1|1)2⊗̌Ssu(1|1)2 .
[R.Borsato,O.Ohlsson Sax,A.Sfondrini,B.Stefanski,A.Torrielli, 2012,2013]

follows from the symmetry [S, {Q}] = 0 and YB equation
S12S13S23 = S23S13S12:

S|φφ ′〉 = L1|φφ
′〉, S|φψ ′〉 = L3|φψ

′〉+ L5|ψφ
′〉,

S|ψψ ′〉 = Λ1|ψψ
′〉, S|ψφ ′〉 = Λ3|ψφ

′〉+Λ5|φψ
′〉,

S|φψ̄ ′〉 = L6|φψ̄
′〉, S|φφ̄ ′〉 = L2|φφ̄

′〉+ L4|ψψ̄
′〉,

S|ψφ̄ ′〉 = Λ6|ψφ̄
′〉, S|ψψ̄ ′〉 = Λ2|ψψ̄

′〉+Λ4|φφ̄
′〉,

The functions L1, L3, L5,Λ1,Λ3,Λ5 are fixed by the symmetry up
to a common scalar functions σ, and L2, L4, L6,Λ2,Λ4,Λ6 – up to
a common scalar functions σ̄.



Mixed flux: Hoare -Tseytlin S-matrix

[B.Hoare, A.Tseytlin 2013]

WZ term doesn’t change the S-matrix symmetry(
u(1)n psu(1|1)2)2 n u(1)4

but change its representation
4 of the 6 central charges are physical and responsible for
dispersion relation. Tree level scattering : two different reps of
excitations

E =

√
M(p,χ)2 + 16h2κ2 sin2 p

2

M̂(p,χ)2 = (1+ 4χhf (p))2, M̌(p,χ)2 = (1− 4χhf (p))2

Conjectured f (p) = sin(p/2) was later corrected to f (p) = p/2 by
calculation of giant magnon scattering.



Hoare -Tseytlin S-matrix
Dispersion relation
Two different masses for χ 6= 0 lead to the split of Zhukowski
variables into two branches x̂±, x̌±

x̂+
x̂− = e+ip,

x̌+
x̌− = e+ip

shortening condition

x̂+ +
1
x̂+ − x̂− −

1
x̂− =

iM̂
κh =

i
κh
(
1+ 2χ

κ
P̂
)
,

x̌+ +
1
x̌+ − x̌− −

1
x̌− =

iM̌
κh =

i
κh
(
1− 2χ

κ
P̌
)
,

P̂ = κhp = P̌.

Dispersion relation

Ê = −iκh
((

x̂+ − x̂−
)
−
( 1
x̂+ −

1
x̂−
))

,

Ě = −iκh
((

x̌+ − x̌−
)
−
( 1
x̌+ −

1
x̌−
))

.



HT S-matrix

Crossing relation
Dressing phases σ, σ̄ satisfy crossing equations

σ2(x±, y±) σ̄2(x±, 1/y±) =
(
x+
x−

)2
(x− − y+)2

(x− − y−)(x+ − y+)
1− 1

x−y+

1− 1
x+y−

,

σ2(x±, 1/ȳ±) σ̄2(x±, ȳ±) =
(
x+
x−

)2
(
1− 1

x−ȳ−

)(
1− 1

x+ȳ+

)
(
1− 1

x+ȳ−

)2
x− − ȳ+
x+ − ȳ− .

here x±, y± are variables of the same kind (either "hat" or
"check"), and ȳ - of opposite kind to y .



Bethe equations

Nested CBA was constructed for pure RR flux.
[R.Borsato,O.Ohlsson Sax,A.Sfondrini,B.Stefanski,A.Torrielli, 2012,2013]

Since the S-matrix for mixed flux has the same symmetry the
construction generalizes to mixed flux.

Momentum carrying Bethe roots x̂2,k , x̌2,k and four sets of auxiliary
roots x̂1,k , x̌1,k , x̂3,k , x̌3,k ,.

Remark: Spin chain interpretations seems not so natural because
of non periodic dispersion relations, but formally possible. ABA
should be done.



Bethe equations

y x =
∏

j
yk−x+

j
yk−x−

j

y x =
∏

j
1−1/ykx−

j
1−1/ykx+

j

2̂ =
( x̂+

2,k
x̂−

2,k

)L
, 2̌ =

( x̌−
2,k

x̌+
2,k

)L
,

= 1,

xk xj =
∏

j
x+

k −x−
j

x−
k −x+

j

1−1/x+s
k x−s

j
1−1/x−s

k x+s
j
σ2s(xk , xj)

xk xj =
∏

j
1−1/x+

k x̄+
j

1−1/x−
k x̄−

j

1−1/x+s
k x̄−s

j
1−1/x−s

k x̄+s
j
σ̄2s(xk , x̄j)

s = + for 2̂, s = − for 2̌



Bethe equations

y x =
∏

j
yk−x+

j
yk−x−

j

y x =
∏

j
1−1/ykx−

j
1−1/ykx+

j

2̂ =
( x̂+

2,k
x̂−

2,k

)L
, 2̌ =

( x̌−
2,k

x̌+
2,k

)L
,

= 1,

xk xj =
∏

j
x+

k −x−
j

x−
k −x+

j

1−1/x+s
k x−s

j
1−1/x−s

k x+s
j
σ2s(xk , xj)

xk xj =
∏

j
1−1/x+

k x̄+
j

1−1/x−
k x̄−

j

1−1/x+s
k x̄−s

j
1−1/x−s

k x̄+s
j
σ̄2s(xk , x̄j)

s = + for 2̂, s = − for 2̌

2̂ 2̌

1̂ 1̌

3̂ 3̌



NSNS limit of Bethe equations
Coming back from Zhukowski variables to momenta in the limit
κ→ 0,χ→ 1

x̂±2 = (ihκf ∓+ (p̂))−1, x̌±2 = (ihκf ∓− (p̌))−1

x̂±2 = ihκf ±+ (q̂), x̌±2 = ihκf ±− (q̌) f ±± (x) = 1− e±ix

1± 2hx
Equations for x̌2, x̂2 split into 2 each. Auxiliary equations become
identities. One of the four equations:

e i p̂k(L−K̃) =

K̂ ′
2∏

j=1, 6=k

e i p̂k f ++ (p̂j) − f ++ (p̂k)

e i p̂j f ++ (p̂k) − f ++ (p̂j)

K̂ ′′
2∏

j=1

1− f −+ (p̂k)/f −+ (q̂j)

1− f ++ (p̂k)/f ++ (q̂j)
×

Ǩ ′′
2∏

j=1

1− f −+ (p̂k)/f +− (q̌j)

1− f ++ (p̂k)/f −− (q̌j)

1+ f −+ (p̂k)/f −− (q̌j)

1+ f ++ (p̂k)/f +− (q̌j)
×

K̂ ′
2∏

j=1, 6=k
σ2(p̂k , p̂j)

K̂ ′′
2∏

j=1
σ2(p̂k , q̂j)

Ǩ ′
2∏

j=1
σ̃2(p̂k , p̌j)

Ǩ ′′
2∏

j=1
σ̃2(p̂k , q̌j)



Dressing phase at tree level

We assume that dressing phase in the leading (tree level) order is
given by AFS phase

−
i
κh logσAFS(x±, y±) = χ(x+, y+)−χ(x+, y−)−χ(x−, y+)+χ(x−, y−)

χ(x , y) =
(
y +

1
y − x −

1
x

)
log
(
1− 1

xy

)
The phase σ̄ can then be obtained from the crossing relation:

−
i
κh log σ̄(x̂±, y̌±) = χ̄(x̂+, y̌+)−χ̄(x̂+, y̌−)−χ̄(x̂−, y̌+)+χ̄(x̂−, y̌−)

χ̄(x̂ , y̌) =
(
y̌+ 1

y̌ −x̂− 1
x̂

)
log
(
1− 1

x̂ y̌

)
−
χ

κ

(
2 Li2

( 1
x̂ y̌

)
−log x̂ log y̌

)



Finite gap from Bethe equations
Consider Bethe equations in the scaling limit L ≈ Ki � 1,and take
h� 1. Bethe roots condense to cuts : x̂i ,k → Ĉi , x̌i ,k → Či
Expanding log of BE at large x we obtain global charges of
solutions: J ,K - a.m. on S3, S - a.m. on AdS3, D - global energy:

D = +Ǩ2 +
1
2
(
K̂1 + K̂3 − Ǩ1 − Ǩ3

)
+ L+ δD,

J = −K̂2 +
1
2
(
K̂1 + K̂3 − Ǩ1 − Ǩ3

)
+ L,

K = −K̂2 +
1
2
(
K̂1 + K̂3 + Ǩ1 + Ǩ3

)
− 2χ

κ
(P̂ + P̌),

S = −Ǩ2 +
1
2
(
K̂1 + K̂3 + Ǩ1 + Ǩ3

)
.

It can be shown that the anomalous dimension

δD = 2κhQ2 + 2χ
κ
(P̂ − P̌)



Finite gap from Bethe equations

Shortening condition at strong coupling can be solved

x̂± = x ± i
2 α̂(x) + O(1/h2), x̌± = x ± i

2 α̌(x) + O(1/h2)

α̂(x) = 1
κh

x2

(x − s)(x + s−1)
, α̌(x) = 1

κh
x2

(x + s)(x − s−1)

With densities defined as

ρ̂i(x) =
∑

k
α(x̂i ,k)δ(x − x̂i ,k), ρ̌i(x) =

∑
k
α̌(x̌i ,k)δ(x − x̌i ,k)

log of Bethe equations reproduce the finite gap integral equations.



Finite gap from Bethe equations
Coefficients E and M are expressed through

P̂m =
1
4π

∫ dy
y ρ̂m(y), Êm =

κ

4π

∫ dy
y2 ρ̂m(y),

P̌m =
1
4π

∫ dy
y ρ̌m(y), Ěm =

κ

4π

∫ dy
y2 ρ̌m(y).

M = +P̂1 + P̂3 − P̌1 + 2P̌2 − P̌3

E = L− Ê1 + 2Ê2 − Ê3 + Ě1 + Ě3 − χ
(
P̂1 − 2P̂2 + P̂3 + P̌1 + P̌3

)
with L = L/

√
λ.

Anomalous dimension
δD√
λ
= 2(Ê2 + Ě2) + 2χ(P̂2 − P̌2)

total world sheet momentum

ptotal = 4π(P̂2 + P̌2)



Finite gap in fundamental rep
Introducing the resolvents (̃ stands for eitherˆor )̌

Gã(x) =
Kã∑

k=1

α̃(xã,k)

x − xã,k
, Hã(x) =

Kã∑
k=1

α̃(x)
x − xã,k

,

Ḡã(x) = Gã(1/x), H̄ã(x) = Hã(1/x)

one can define 8 quasimomenta

p̂A
1 − p̂S

1 = 2πn1̂, p̌S
2 − p̌A

2 = 2πn3̌,

p̂S
1 − p̂S

2 = 2πn2̂, p̌A
2 − p̌A

1 = 2πn2̌,

p̂S
2 − p̂A

2 = 2πn3̂, p̌A
1 − p̌S

1 = 2πn1̌.

and find them in terms of resolvents, e.g.

p̂A
1 (x) = +H̄2̌ − H1̂ − H̄1̌

+x
χ
κ (G2̂(0) − G2̌(0)) + G ′2̂(0) + G ′2̌(0)

(x − s)(x + s−1)
−

1
2

4π
κ Lx

(x − s)(x + s−1)
,



Finite gap in fundamental rep

Synchronized poles correspond to excitations. There are 8 bosonic
(blue) and fermionic (red) different polarizations of excitations.

+1

p̂A
1

p̂S
1

p̂S
2

p̂A
2

−1

p̌S
2

p̌A
2

p̌A
1

p̌S
1

8 sheets disconnected Riemann sirface are related by x → 1/x .

p̂A
1 (1/x) = p̌A

1 (x), p̂S
1 (1/x) = p̌S

1 (x) + G2̂(0) + G2̌(0),
p̂A

2 (1/x) = p̌A
2 (x), p̂S

2 (1/x) = p̌S
2 (x) − G2̂(0) − G2̌(0).

(1)



Semiclassical quantization
For semiclassics we add poles to quasimomenta in analytically
consistent way pi(x) + δpi(x). Poles will shift the macroscopic
cuts:

(pi + δpi)
+ − (pj + δpj)

− = 2πn, x ∈ Cij ,

This fixes position of microscopic cuts (poles) to the leading order

pi(x ij
n ) − pj(x ij

n ) = 2πn, |x ij
n | > 1,

and along the macroscopic cuts the perturbation satisfies

(δpi)
+ − (δpj)

− = 0, x ∈ Cij
n .

Possible excitations

AdS3 : (p̂A
1 , p̂A

2 ), (p̌A
2 , p̌A

1 )

S3 : (p̂S
1 , p̂S

2 ), (p̌S
2 , p̌S

1 )

Fermionic : (p̂A
1 , p̂S

2 ), (p̂S
1 , p̂A

2 ), (p̌A
2 , p̌S

1 ), (p̌S
2 , p̌A

1 ).



Semiclassical quantization
Let N ij

n - the number of excitations with mode number n between
the sheets pi and pj , and Nij =

∑
n N

ij
n . The energy shift

δD = δ∆+
∑
AdS3

Nij +
1
2

∑
fermions

Nij

From finite gap equations one can find asymptotic x →∞ of
quasimomenta shifts

δ



p̂A
1

p̂A
2

p̂S
1

p̂S
2

p̌A
1

p̌A
2

p̌S
1

p̌S
2


=

1
κhx



−1
2δ∆− NAA

1̂2̂ − NAS
1̂2̂

+1
2δ∆+ NAA

1̂2̂ + NSA
1̂2̂

+ NSS
1̂2̂ + NSA

1̂2̂
− NSS

1̂2̂ − NAS
1̂2̂

+1
2δ∆+ NAA

2̌1̌ + NAS
2̌1̌

−1
2δ∆− NAA

2̌1̌ − NSA
2̌1̌

− NSS
2̌1̌ − NSA

2̌1̌
+ NSS

2̌1̌ + NAS
2̌1̌


.



Semiclassical quantization
Residues of pi are given by

res
x=x12

n
p̂A

i = −(δ1i − δ2i)α̂(x12
n )N12

n , res
x=x12

n
p̂S

i = +(δ1i − δ2i)α̂(x12
n )N12

n ,

res
x=x12

n
p̌A

i = +(δ1i − δ2i)α̌(x12
n )N12

n , res
x=x12

n
p̌S

i = −(δ1i − δ2i)α̌(x12
n )N12

n .

Poles of quasi-momenta δp are synchronized

δ(p̂A
1 , p̂A

2 |p̂S
1 , p̂S

2 ||p̌A
1 , p̌A

2 |p̌S
1 , p̌S

2 ) '


+s (δα+,δβ+|δα+,δβ+||0,0,0,0)

x−s
−1

s
(δα−,δβ−|δα−,δβ−||0,0,0,0)

x+1/s
+s (0,0,0,0||δα−,δβ−|δα−,δβ−)

x+s
−1

s
(0,0,0,0||δα+,δβ+|δα+,δβ+)

x−1/s

and satisfy Z4 symmetry

δp̂A
1 (1/x) = δp̌A

1 (x), δp̂S
1 (1/x) = δp̌S

1 (x),
δp̂A

2 (1/x) = δp̌A
2 (x), δp̂S

2 (1/x) = δp̌S
2 (x).



Semiclassical quantization
BMN string:

BMN solution is the simplest one - no cuts. The classical
quasi-momenta is given by

pl(x) = (p(x),−p(x)|p(x),−p(x)||p(1/x),−p(1/x), p(1/x),−p(1/x))

p(x) = 2πxJ
κ(x − s)(x − s−1)

,

Position of the poles for, e.g. AdS excitations, are fixed by

pi(x ij
n )−pj(x ij

n ) = 2πn, |x ij
n | > 1, x ı̂̂n =

J+ χn +
√

J2 + 2χJn + n2

κn
Ansatz for perturbed quasimomenta

δp̂A
1 (x) = +

sδα
x − s −

(1/s)δα
x + 1/s −

∑
n

Nn
1̂2̂
α̂(xn

1̂2̂)

x − xn
1̂2̂

+
∑

n
Nn

1̌2̌
α̌(xn

1̌2̌)

1/x − xn
1̌2̌

+ âA
1 , δp̂S

1 (x) =
sδα+

x − s −
(1/s)δα−

x + 1/s ,



Semiclassical quantization

BMN string:

and
δp̂A

2 (x) = −δp̂A
1 (x), δp̌A

i (x) = δp̂A
i (1/x),

δp̂S
2 (x) = −δp̂S

1 (x), δp̌S
i (x) = δp̂S

i (1/x).

p̂A
1 (xn

1̂2̂) − p̂A
2 (xn

1̂2̂) = 2πn p̌A
2 (xn

1̌2̌) − p̌A
1 (xn

1̌2̌) = 2πn.

The constants a,α can be found from large x expansion, and
residues at the poles, giving δ∆ the energy fluctuation. In the
same way other excitations can be added. Finally (ξ = n

J
)

δ∆ =
∑
all ij

∑
n

(
N̂n

ij

(√
ξ2 + 2χξ+ 1− 1

)
+ Ňn

ij

(√
ξ2 − 2χξ+ 1− 1

))
[D.E.Berenstein,J.M.Maldacena,H.S.Nastase 2002]



One loop correction to the dressing phases
To include one loop correction to the dressing phases

σ(x̂±, ŷ±) = exp
(
iθ(x̂±, ŷ±)

)
, σ̄(x̂±, y̌±) = exp

(
i θ̄(x̂±, y̌±)

)
θ(x̂±, ŷ±) = h θ(0)(x̂±, ŷ±) + θ(1)(x̂±, ŷ±) + O(1/h),
θ̄(x̂±, y̌±) = h θ̄(0)(x̂±, y̌±) + θ̄(1)(x̂±, y̌±) + O(1/h),

one adds potentials [GV] to finite gap eq. with driving terms. They
shift corresponding quasimomenta.

V̂(x̂) =
K̂2∑

j=1
θ(1)(x̂ , x̂2,j) +

Ǩ2∑
j=1

θ̄(1)(x̂ , x̌2,j),

V̌(x̌) =
Ǩ2∑

j=1
θ(1)(x̌ , x̌2,j) +

K̂2∑
j=1

θ̄(1)(x̌ , x̂2,j).

More generally add potentials to all quasimomenta, and consider a
one pole excitations x î ĵ

n , x ǐ ǰ
n . Find the potentials from Bethe

equations.



One loop correction to the dressing phases
The full potentials

V̂k =
1
2

+∞∑
n=−∞

(∑
ı̂̂

(−1)F V̂ı̂̂k +
∑
ı̌̌

(−1)F V̂ı̌̌k

)
.

can be written using cot trick:

V̂k =
1
4i

∫
Ĉ

dn cot(πn)
∑
ı̂̂

(−1)F V̂ı̂̂k +
1
4i

∫
Č

dn cot(πn)
∑
ı̌̌

(−1)F V̂ı̌̌k ,

If we look at the BMN frequencies

Ên =

√(
n
J

)2
+ 2χn

J
+ 1− 1, Ěn =

√(
n
J

)2
− 2χn

J
+ 1− 1.

they have branch cuts starting at n± = ±iJ(κ± iχ) running off to
infinity



One loop correction to the dressing phases

The contour can be chosen as

n+

n−

−N +N

n
+i

−i

χ/κ 1/κ
−1/s +s

x

pi(x ij
n ) − pj(x ij

n ) = 2πn



One loop correction to the dressing phases
For large N cot(πn)→ ∓i in the upper/lower half plane.

n+

n−

−N +N

n
+i

−i

χ/κ 1/κ
−1/s +s

x

After cancelation of part of terms

V̂A
1 = +

1
2

+s∫
−s−1

dy
2π((p̂

A
2 )
′−(p̂S

2 )
′)
α̂(x)
x − y+

1
2

+s−1∫
−s

dy
2π((p̌

A
2 )
′−(p̌S

2 )
′)
α̌(1/x)

1
x − y



One loop correction to the dressing phases
• Express p2 in terms of resolvents
• Expand integrand at large x
• Perform the integration
• Perform the antisymmetrization

θ(1)(x , y) = −
α̂(x)α̂(y)

4π

[
1
κ

(x + y)
(
1− 1

xy
)
− 4χ
κ

(x − s)(x + s−1)(y − s)(y + s−1)

x + y
x − y

+
2

(x − y)2 log
(y − s
x − s

x + s−1

y + s−1

)]
,

θ̄(1)(x , y) = −
α̂(x)α̌(y)

4π

[
1
κ

(x − y)
(
1+ 1

xy
)
− 4χ
κ

(x − s)(x + s−1)(y + s)(y − s−1)

1+ xy
1− xy

+
2

(1− xy)2 log
(x + s−1

x − s
y − s−1

y + s s2
)]

.

They satisfy θ(1)(x , y) + θ̄(1)(x , 1/y) = − i
2
α̂(x)α̂(y)
(x−y)2 and perfectly

match previously known and other results.



Summary

• A set of finite gap equations for string theory on
AdS3 × S3 × T4 with mixed flux was constructed for massive
sector, by standard methods reformulating it in formally Z4
preserving way.

• Using the HT proposed S-matrix with the modified dispersion
relation, Bethe equations were written. In thermodynamic
limit these equations reproduce the finite gap equations
derived from the world-sheet action.

• Few classical string solutions were analysed in finite gap
equations framework

• Dressing phases in tree level were conjectured and one loop
level correction was derived by one loop quantization of
algebraic curve



Outlook

• Full S-matrix derivation from gauge fixed world-sheet with
massless excitations and mixed flux - done recently

• Bethe equations with massless excitations and mixed flux - in
progress

• Exact solution for dressing phase from crossing and unitarity
relations is needed to proceed with analysis of Bethe
equations.

• Generalization to the AdS3 × S3 × S3 × S1 with mixed flux.
• Bethe equations for massless integrable perturbation of
corresponding CFT2 dual would be useful

Thank you


